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On the SEA algorithm used in finding secure elliptic curves
with an early-abort strategy
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ABSTRACT

In using elliptic curves in cryptography, it is important to find a secure elliptic curve. The security of elliptic curve
crvptosystem is dependent on the cardinality of the given curve. So, it is necessary to count the number of points of a
given elliptic curve to obtain secure curve. It is known that when the charateristic is two, the most efficient algorithm finding
secure curves is combining the Satoh-FGH algorithm with early-abort strategy'". In [1], the authors wrote that they modified
SEA algorithm used in early-abort strategy, but they didn’t describe the varaint of SEA algorithm. In this paper, we present

some modifications of SEA algorithm and show the result of our implementation.
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2.1 Backgrounds

o] Aol =% FHNE A% notation 2
AxAe 9ol fad 7| E A e 71edt)
Notation
S g=2"

- GF(q) : 157} g1 &84

- GF(g) : GF(g)& sl tid 234

- E(GF(q)) © GF(g)°lx A&E &34 Ad
- "E=E(GF(g) : GF(g)°lx A9 efdie) A3t
C 0 BAFAe T (F35Y)

~oFe) A Aol sk [P 1 P+ P A 9
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(P)x - A P x HE
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ex, y) = (27, »9)
g0 g (modl)
¢ FoAl ek F Aol A 9] o9 trace
< f t(mod!)
- #(E) - 1% EHF
< fi o ERIEAY] A division tHEHY
<0 (x,y)  EFFAe A modular A
- CRT : Chinese Remainder Theorem
- BSGS : Baby Step Giant Step
ofell Ae]EL AFA ool ofF A duAl
el Eolrt.

[Hasse's 8]
H(E(GF(@)=q+1—t (| t1s2Vq)o] A#Tr}.

(A 111l
(1) P=(x,y) = E( GF(g))°ll W3}
¢(P)—[t]le(P)+[qlP= 0 °] A7gr}.
(2) characteristic 22k3 7}A3}AF. 1=2 oA,
PeE\E[(A]Q] A% thgo] A}
f/l—lf/Hl
f3
(A2t Voo fifani+ fisafin

3
xf3

([A1P) x=x+

([A1P) y=x+y+

(Notel) : division vt} & AR Hohr]
((11) #3)

2.2 Schoof &12|&

Hasse's AzlolA | 1<V ¢ 0122, 9 modular
4V g olAe] e 73 3 Hasse's A2l digishd
g 7 5 ek

L=, L, 1ol s elslod fn

o 2<i< i
L4V g% B23A sl F49 255 7HE i)
o]l modular Lol i3t &) e Ael= whle
2}z

Step 1 2</< e 8 BE 74 ¢ (mod )& T3k}
Step 2 CRTE ol-&slo] 2+ [ollA] t= ¢, (mod )&
B 2 g

9] =AA AlbEke] wo] aTEE wAlE

(step 1)elt}. Schoof dxeE|&e 7|2 Nae
(step 1)& AlAE= Hd it o] HellAe w1
Schoof ¢e]gell thsfe] gt (A1) ¢
3led o'(P)—[t1p(P) +[q)P= 0°] W53t 34,
PeE[{]el A3, [¢1P=[g,JP°lH, [de(P)=
[4]e(P)o] A%, wekd, PeE[/]I) AS,
oX(P)—[t,1¢(P)+[q,]P= 0°] A™&rc} wa,
o (P)+[q,1P=[A]p(P)& W&l 00) opd A
PeE[/]°] &A8k= A7} 8 871 & & Slth
3, o] AagelnR, aEd A A EAlg

o webd, el Aelvh 4YEe ¢ 4 ot

(49 2]
B EA 2F EoA o' (P +[q]P=[Ae(P&
wEsE Pe E[7]0] EA5e A7 ulE ¢0] "ok

m2bA, 4 A7) sk 0<a<i—191 Aell dis)
¢’ (P)+[q,1P=[2lp(P)& ®&F3hs 0+P<E[!]
o] slex] ZAbsh HER v daeEe o

<ot

Basic Schoof €28]&([2,11]

1. M<2, [<3, and S< {f(mod2),2)}

2. While M<4Vyq, do:

3. For r=0,..,(I-1)/2, do:

4. using the formulae (A#]1) check

whether, for PeE[INO,
¢’ (P)+[q,1P= +[r]le(P)
Exactly one such r will pass
this test.

O SSU{(r, 1)} or S«<SU{(—1r, 1)}

. M—Mx1

. [— nextprime (1)

. Recover ¢ using the set S and CRT

. Return ¢+1—¢

© X3 o

2.3 SEA ¢72|&

SEA(Schoof-Elkies-Atkin)® Schoof ¥x#]
Z3} fARRAe GH(P) + g, 1P=[e(P)E 53}
= A& 2Asted 9ol Elkiessl Atkin &25%
AHgste] 2 o] 2439l WS AAE dae el
t}. Elkies 459 Aol A& 18 FapA,
Atkin &2l ZASole 19 F2 RS 9A o
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A daelEe AHElE SEA daeE

Schoof &i12]&-2 characteristici A#¢lo] &
g AxFez 24" 4 9l wbd SEA 4w
2]&& characteristico] & 45 A a42<l
7122 oA gt} o] =Folx+ characteristic
241 795 dFx glenz o] BE FAo=
713712 sk} WA Elkies$t Atkin 4o A
= o3} 2t

[49 1]
WA F(u)=u’—t, - utq =09 22 GF())
Ao} £ ool @b Gyt

(1) 1 : Elkies &7 < ¢ w49 2] GF(/)
of 24, & 4=t"—4-4 (mod/)°] GF(/)d
A AlFFY

(2) 11 Atkin &5 < $ wWA2] Fo] GF(/)
ZAA W2 F d,=1—4 - ¢(mod)°) GF(!)
ol AFs7t obd

tEE 0 e |, FolA o] ofn
elglelx] AAE $ A, SEAYmEE] E2%
7} 19 #g Fuhe AYL AR, ol G A
B glo] /9] elsjlE ZAAs|oF g} o] uwl, &Y
ezt AMEIT

(44 3111, p.119]

Non-supersingular eF54 E9) j—invariant
Z ;2 &#. 184 modular oA 0,(x, j)e
GF(@ X1l W31, hyoh, & 0,(x,7) €GF(@[X]
o] 7)oketgAle) Folgl &R} hy, ..., by o ASE
s A R sz e

(1) 1,7 o]AY BF 1 (o] A%e 4,=£%—4-
g(modl) =0  uf 2AY)

(2) 1,1,7,...,7 otk ol 4,=¢"~4- g(mod!)°]
GE(g)lA 0e] opbd AF4d = sy
o] wf, »|I—1 o] 4RI}

(3) 7,...,7, (#> o)} o) 4,=¢2~4 - g(mod{)
o] GF(g)olA HF57} obd wlo] WA}
rli+1 o] At

(89 st (42 3)l SJale] Elkies o458 Bt
sk vheel 4 E et

(42 41111
(1) ged(x—x, @,(x, i NS A57F 0 1L Atkin
Aol

(2) ged(x’—x, @,(x, i N A7t 1,2 =& [+1
& |2 Elkies &gt}

ufebd, A 9] eRelE AAs] 8 ged (-
%, @,(x, 7)) Akt

(Remark 1)

ged(x?—x, @, (x, 7 ))& AAbsted Ao, ¢ 3
ol AnY WA x'& @,(x, HE reducedt T, At
slo} gt} wlebd, B2 AZte] A8¥ T

SEA ¢32&11
1. M<1, /<2, and A<{} and E—{ }
2. While M<4Vyq, do:
3. Decide whether /is an Atkin or
Elkies prime. by finding splitting
type of the modular
polynomial =0, ..,(/—1)/2, do:
If 7is Elkies then do :
Determine F(4)
Find an A mod/ of F/(A)
t—A+q/A (modl)
E<~EU{(¢, D}
Else do :
10. Determine a (small) set T
such that ¢ (mod/)eT
11. A<=AU(T, D}
12. M—Mx]
13. I« nextprime()
14. Recover ¢ using the sets A and
E, the CRT, BSGS
15. Return ¢+1—¢
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1L Elkiest5ola, F,(w)=4"—t;  u+q; =0
O F BL A u v IR B 4+ p OB S
%, zja] 32 (2)el stEstE Agolot. 2R
o(P)=[A1 P& 53k P 3 o(Pp) =[xl Py 1t
E3lE Py 7F E[1]el A8, C =< P, C;=<{Pyp

o/, E[1]=CxCp) "} B/ o(C)=C;
7b A gt

(A 5ol s, Fi(x)e] AZ o}d F &8 Ze
Elikes &4 ZA$dle E[l]=CxCEF 3lA}.
C: & #ol o(P)=[A]1P°] A3z PeC;o] &A1
= AE Zowl Hop wit F 2 F shu o
t,—/H— L(mod1)& & 4 glomz $27} A}
ﬁzﬂ»— C7} G, C, ol A= Zele A3 des
& gk wEkA, AFE Ik WL
Zre},

do o
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Fl

Step 1 Elkies &5 /o thalel, t}g-& wEahe
) Q(x)E Tk,

Q)= . x=(P)x

Step 2. 0= r<5 Lo wistel

famifis1 o
ﬂ/l =

Step 2.1 Mx)=x"+x+ AlArgre}.

Step 2.2 ged(h(x), Q(x)) & F3lod 257} (o]
ook Aol didte] (step 2.1 )R &
olzket

Step 2.3 43 =P +ay+a &

yi=x+ty
(x +xt+ W fasi i+ faa fin
xf3
o i3l alx) + b(x)y=0 (1)

o E=2 AHugich A ()& =34
WA Ao dislsted h(x)=09 A& &
t}.
Step 2.4 ged(h(x), Qx))S Z57F 1 olAtolwd
A= & FHala A5t 0ol A=—1¢
F 93

o=

rir
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Characteristic 281 34 $ielA A 2= gl
49 9 At P BgAQl e A
2|4 A&l Sl Satoh gaE|Se|th. v
gz o ke BIFALS d7] A= @
3t ABE AT F, AFE ARkstd, $ed
Z7]0] wEsleA] AFeted 13 A @oH oA A
23 Ane] ZAsof g} olw Y gl FA
S 7] 9siAE A 9 Satoh dIEEE
Hgslop & ulghct. wbd, Satoh ¥lElE
S H4str] Aol 2L 4ol da B} 73
test & & ol "ol vk o] F A 43l A2
255 49 4R Ze= g3 didMde
Satoh dwe]E-E A43}7] el abort 3k, vl
A2 A5 AR A8 ZAske Zlo] EAEAd
Zolc}, vl ol=igk WHle] (1,10)) *Ha%l early-
abort A#|t} Schoof ¢iEl&e 4 /vl} 9
e Adsteg dAlet g +1-4 (mod )9
s % 5 Aok w2, g+ 1—-4=0 (mod/) °IH
abort3ka ohid t}& A5 $A7bd Aok Schoof
due]Zich= SEA diE|Ee] f8H0]ng SEA
dye]Eg A8sle Zo] E&Folrt e}, SEA
dwzlZd e Elkies &5 ASoe A3 4
& AAEAeE, Atkin 299 A€ 4o FRE
AAsA 2 B At s A FE 4 ok
2y}, ol 4,149 (RxAP 2))ZHE Atkin
25 ASele ¢+ 1-4#0 (modl) A& 4 5
sich. Wb, SEA <welEo] early-abort &l
AHeH} SEA d3e|ES AHEE early-abort A
2 dze|E] e oed 2

SEA ¢332 5& 0|23 early abort A=

Step 2 Z—]’—S— i—’?— (1=
g}, .
Step 2.1 SEAYTEEE A3l 1,8 A4k}
Step 2.2 g+1—4=0 mod/ A & 3 g+1
— =0 mod/°]® A (step 1=
Eoprtar, ohyl v Al sty

(step 2.1)& FEo}7ic}
Step 3 Satoh dxe]&F& AHE3ste] AHA 9 +F
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G| Ee AMEE SEA daelE A7

A4k

Step 4 §1 WA ARG $l4vt JEeHoe
PARA Beksl] e (step DE
Folzbe},

Step 5 HUTAE FYBL

(Note 2)

/o] =HA characteristic 281 A%, ¢, A4k 4
Aol Xslch. wehy, (1)elA= 1903 H=R
test®d Z& Axwstz g}

V. Speed up early-abort strategy

o] "o+ characteristic 29 eFdZAE A
dehe dzeEe &8 q uhgel dis] =gt
stellA Qlgslgdfol dAzkA deixl 7 whE o

&L e 4gd dis] SEA dxEEE A4
gled abort WAE AAZ, olF FIHe 1"d°ﬂ A
slqwt Satoh ¥¢xe]&E A3l Y5 A4kt

. prime test& Ax 4AZ EP%_:‘"’H° A8}
hlojr}, o]#3dt early-abort o] E&Hql
Ao FEube o]f 7hdl b= abort ®HACl
Ao FAEe] Wzl ARdeldh. webA,
abort TAClA Fr] &AL WS AREsW,
A dae]Fe AL F7HIIA & Aol
o] Hol|ME abort wWACNMY AFE HEF =

Sle e Aka,

(e o

P

4.1 Observations

o] HelXe ¥ A9 BxARES Aurr]e It

(2zA4e 1]

BIIZA ="+ xvta 9 3 ol &5 o B8}
o g+t1—t,=0mod /= 3 W 13 ¢,0]
A= ta+q,=0(mod )] F o] Hr}.

(5]
A —tA+q,=0 (mod 1) & A $lelld] A2
AAolmR 5 sj9 Zo] EAHRch . 1 (mod

i
N

S A=At g, =0 (mod ol st Ale] A
Hits o F 9, 23 Ay #A 27
@+1—¢=0mod /-& ©]83H4 g0l To] HE
o 5 3let |

theel magelt 4 Ueal Yel24, Elkies
a40) ol 2ie 44 fugt,

[(2=A47) 2]

Bl =2+ xy+ a9k 3014 &% 1ol 3t
o g,+1—t,=0 mod /°o]2} 3#}. 229 /& Elkies
idpolct,

[5%]

BxAE 1) st 13} g0 F Fo] Hoh
A—tA+q,=0(mod I) & FZo] GF(1)9 44
o]B& f,2—4 - q,(mod!)L GF({)NH AFF7 &
o}, wpebx], Aol & Elkies &golt), [ |

[(B.xAe 3]

Fo2 BT 3 =2’ + xy+ a9t Elkies & [
o] Fox Qlvkx 7Hd&kat. ¢, +1—¢,=0 mod [°]
A o(P)=P 3 O+P<E[!/ 19} o(Py)=1q,1P;
1 O+P,e E[{]EA3, E[1]1=<(P) x<Py>7}

=3

A},
[57]
(BzxAz D) (Helb)23e Apgsic). |

4.2 SEA 2€12|EF modifications

o] HellA= early-abort T ALEd SEA
drelEe] Wy Wyl s AdsrRs|E o) #
7399 SEA dxzj&o=s

F2 vhast 3

A, characteristc 2¢!

MY glo] AHEEe

Original SEA ¢332 %

Foizl eIFA V=2 +ay+a 9 2 2F [
& original SEA ¢xe|&e] Me+s ohed 2
t}. o] o, o] 49| j-invariantE ;&} A}

Step 1 1549l /44 modular w4 @, (x, /)
o] o) GF(gol &ABI=R AR}, &
AsA] em, 12 Atkin J_TOIUE
41+1 iﬁbO mod / °1E¥ @EW =

Step 2 4| 471]*’1]*1 o] *Xﬁﬁ}% 75‘—%, o<
gk, 2ol gEdte oA QX)E A
ot ((X)9] AP (5) 32
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Step 3 Q(X)& uE3lE =24 9o AES 7}
2, 2 o (r=0,1,..., (/= 1)l H5hed
e(P)=[7PE %UZ3= Pt EXst=A
zAMEte] dg o E et o] W, o E
eigenvalue® §-27|Z 3z},

Step 4 t;= r+g/t (mod )& AAFste] v}

Step 5 ¢ Al AL ¢,& o188} g+1—¢=0
(mod/)alx] ZAMg}. dAsbd &g I
Aol A8l abortdli, ohw thE A
el SEA die|EE A-8-gh

[RzAz] 4]
m3I (S AFEA mfl-1 ol A} z#d,
g=2"%1 (modl)e] Az

(4]

r& GF()A 29 st 84xb o] o,
2"=1(mod/) °1'H »| m o|t}. =3 »| [-1°]
et wEA, v | ged (m,i—1)0]ct 28],
ged(m, 1—1) | mo] AR}, A, md Agoln
2, ged(m, [—1)=1 &= melr}. 29 Y7 19]
ol e 2 ged(m, /—1)F 1019, ged(m,—1)=m
S mf1-1 g 7 i) webA, g=2"+#
1 (mod/)e] A5 g},

(Note 3)

Al faAe] 2718 AAsHE mell o
alof 12 vl 22 sgpolnt Wb, m | - 10]
o, tzhd ok B meo] Agal el
A sg zeE 9, ¢ +19S & 5 A ol
& o} 1& SEl7h WY AR Y dae]Est o)
A8l = early-abort AZA A3 Fetr]E

44 6]

m& &t s BIFA Y =x'txyta
S 0 (x, )l hEtd ged(@fx, ), x+x)2 A5
7} 27} ol g4+ 1—#,+0 mod/o} AR},

[%4]

gcd (@[ x, /), x°+ 08 A7} 27F ofve}slA),
(Al 3)9} (gl 4l 23led, of A9 (A 3)9
(1) =& ()Y #$olr}. R (3)& Atkin &9
olmg, (BxAE 2)d 28} ¢, +1—4+0 mod/

olct. webx, (1)9] 7-¢eb 3k (F3)ell &Jsle
A,=1—4-q (modl) =0 0°1BR F,(1)7} 22
S Zerh #H g+ 1-4=0 mod/o[H, F(A)
o F 2& 1, g0k e, (BxAe 4)¢) 93t
o] g,#1 mod/o)EE, 4,=F—4 ¢ (mod!) =09}
g+ 1—t;,=0 modl2 FAd WFAA &

ok weba, st dsgct ]

2 MM E2XE original SEA 438&& ohed)
o] Wysto] A8 4= gl

u} 1

(1) g+1—¢t=0 (mod!)& Elkies 4% 714,
ged(@;(x,7) . 2"+ 02 2A57F 28 AS 5
Fi(e] ME g8 F & & 71 gal
s "o}

(2) (xxAeel 3) 93] abort $AlA A SEA
= ¢ d3ElE (step 3)ellA ro] 1 BE 4,4
7A$-ollut 218}k, step 4.5 wAlE ARl

(detail of step 3 in original SEA)

Q(X)E Tk eHISA $l9] AHE Jkedl, 7
t(r=0,1,..., /= Dell dsted o(P)=[PE =5
3 P7F &R Ak e AHAE 71e
< ok}

A, division T FAE o4k [
Arste], o(P) = (9, ")t dAste 3 7hed,
QIX)E st A A, TAH W o

3 22t

Step 1 rol wel AEA ez division A5
TABA foy, feorn foo fors Rt
(AN (11) #2)

Step 2 F(x) = x*( modQ (X ))& A4t}

Step 3 tha #ol G(x )& AAkch

G(x)=ged ((F(x)+x) £
+ fom1 S, QX))

G(x)2 a7t 0ol & eigenvalue
7} ohgta #sbslar, v 1 olabeld
& AR AS Fu
Step 4 BRIFA ' = 2* + xy + a & o83l o}

&& B3 F A alx), b(x)E derh




82 Early-abort A& o] 43t eld34d A

228l AHEE SEA ¢2

27 a7

yi=alx) + b(x)y
Step 5 th&3} zbo] n(x, v)E AAFETH

h(x, =x 2 (y+a(x)+bx)y)
+ fr*2f2r+1+(x2+y)frflfrfr+]

hx,v)=0< G(x)E reduce A o+
< de

alx) + blx)y=10 (2)
4 (25 BHaRA PRAE o) gtol
h(0)= a0+ a(x) b(x)y+(x*+a) b(x)*

& AAtgde}

Step 6 ged(k(x), Q) =7b 0old, 7}
eigenvalue ¢]i, A£7p 1o]Ato]H
—7 (mod/) & eigenvalue® Tehgic),

(Note 4)

(1) (detail of step 3 in original SEA)<¢]
(step B)ellAl AMERE A(x,») 7 [- P9 y3}
EE 0] 43 HolEZ step 6ollA Y g9
A7) v A "

(2) (3 Dol r=,2 A% 0> S 59
282 r=—g;(mod ol thaled FARA ek

whefA 71% o5 o] Aoste] Alg3iT}
ar> 2 Lo 9. g,=—gq, mod /
© < 151 ol 4%, g,=q, mod !

Division tt&@4g°] AgH ez A= A=
£ A7E o) e wEshE g9 ghel 4
S A% AEAY Ao dAEY, =13 A
+d ““}Eﬂl AHelg Aot webd, g Wy
< A4 Sl

=2

49
=
E

D3 fAketA sk, 0,(x, )9 GF(g)
el M2 g ol Hate] 47 Qix), Q(0E
Aakstol Zpzbell diste] original SEA ¢uE|&
(step 3)ellA =10l st} ZAapde} o] whye

EEAE Qi (x) ARt 7] 7%l disled original
SEA ¥ae|&e] (step 3)o 28FHE A7kl <
E3tA "ot

g DA r=1%E = ¢,74A A2 A}
st e g, (i Do g e Ze Zho)
eigenvaluedl 7% (9 1)Ec} 13E 2oz
ZARHE Alo] A8 7R vk

=)

1% S Ahed, BAQ e 2

Zakstole g,

o

CER
7] Slael, chge

(1) @,(x, N9 GE(gellA2] Tl wigte] ol W&
Qx)E Aitsled dele A3t

(2) (detail of step 3 in original SEA)lA
division Tt} Al4F A7k

(3) (detail of step 3 in original SEA)o|A
Step 2 1 F(x)=x"( modQ (X)) At A7t

(4) (detail of step 3 in original SEA)elA
Step 3 : ged ((F(x)+x) £*+ froiferr, (X))
A4 A7k

(5) (detail of Step 3 in original SEA)el|4]
step 4, 5, 6 AAF A7k

[n

¢ E 7k, (3)2 2E rol disle] Ak 2
27F ddch. a2y, wea g Allslol gl
T, Fx) =x"(modQ (X)) Q(x)d 9&slm
2O 2F ALY A %4 QUx)el dstel
AxkEjolAol o} webA, (B 2)= Q(x)AIt ¥
ohlgl, F(x)=x«° (mon(X)) AAt A7l o

&3}, a2l 2, step 4, 5, 6& Folzl FAw} /o
dsled b 2 A B (ke 7ol Q)
ol dlate] eigenvaluer @ shpby &) uhek
eigenvalued] 3=sh= 7} r=x10]3 r*iE o)
749 step 4. 5. 62 Az 4 glrk mald, =1,
-1, g, —q; % "l step 4, 5, 6= ?ﬁa}{_
Hol] REAY Flolrt

¢
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A Z2A e C++9 clock() I8 Agst
P e gl

$-2lE= m=163,193,233,239 a1 7ol 3l 2A)
slgdow BRE AL dia /=39 A= )
et
(Note 5)

Division 4] A4k 100 & WA sdgkon,
T2 10~30 Axrt oi-Hoigivt. webs, EH
3] ZEEA| folm B ZleR nolw ol oA

R EL L

o 7k

rlo

obf EE F¥ Y5

S x?+x (mod @ (x,7)) AAE A7t

D Q(x) AlAE AIZE

© F(x)=x" (mod @x)) A4t A2}
=14 u, step 4.5.6 A4t A7t
D= ¢, 9 W, step 4,5.6 A A7
09 #®

Y O W N

O

obef #2] 7zt g2 ©h9= CLOCKS_PER_SEC
o} secw?le] e F Folw, o] =i AF
CLOCKS_PER_SEC?] 3% 1000 o]t}

(Z 1) m=163 ¢ &=
TE| 5 7 11 13 17 19
250 | 350 | 681 | 871 | 1042 | 1262

1

2 0 0 10 110,20 30 30
3 60 100§ 210 | 290 | 440 | 541
4 401 721 | 1582 | 2963 | 3315 | 3335
5 501 731 | 1883 | 2073 | 3745 | 3265
6 2 2 3 2 8 2

11 13 17 19
1 281 341 | 841 | 1062 | 1282 | 1543
2 0 0 10 10 30 30
3 70 120 | 251 341 540 | 661
4 525 | 871
5

6

-
e
ot
-3

1883 | 2554 | 4236"| 4006*
500 | 901 | 1902 | 2664 | 4216 | 4116
2 2 3 2 2 3

(£ 3) m=233 ¢l &=
TE B 7 11 13 17 19
1 361 | 451 | 1071 1352 | 1653 | 2063
2 0 0110,20 | 10.20 40 40
3 90| 150( 330 | 441| 691 | 841
4 611 1082 | 2374 | 3214 | 5178 | 5137
5 620 | 1112 | 2404 | 3455 | 5218 | 5698
6 2 3 3 6 2 92
(£ 4) m=239 ¢ 4%
TE| 5 7 11 13 17 19
1 371 | 451 | 1100 | 1392 | 1692 | 2013
2 0 0 110,20 10,20 30,40 |30.40
3 90 | 150 | 330 | 441 | 711 | 891
4 621 | 1112 | 2434 | 3285 | 5328 | 5438
5 631 | 1142 | 2524 | 3445 | 5748 | 5508
6 2 3 5 6 8 6
Test A%

Aol 714 gl 299
o15&-& o & ek
ged ((F ()42 f2+4 frrfonn, QUON A

AZre o) ol A25E MBS F 5 AT
aed, 3 g Aol ae) 27 ekleh we
A, BFHeRE oF 148 g7 AR e

e

T+ step 4.5,6

Aelt, 13} % Adtele Zeht 4 Aolrh
9e Aoz ki 3 (b DI (Y 3)

< Aol glg Ao v’
qARTH Q(x A AlZR AA Wt Qx)
2] Ak A7k i}?_i‘:}-t— Ao o &Y
o & olie) =37 A|7HE step 4.5.6
vl astel AR /‘]7&":1—% o 4 T
g7t A B AS =1 A =g
A9 2% step 4,5.6, 4 28 A7k
rBHEES ¥ sls w2 ( ged ((F(x) +x) £,
+feorferr, QX)) A °1W«] A7 step 4.
5.6 vla} Y13 mbsle) A2 (division ©hE
A AL AZE+10~20) AR 289E 4
At
2+ x mod @, (x, /)8 At AZFL 259 Flo)
255, ¢9 el E57E 1E 4 5 ok
a9 F7Fe for¥e @77} Zrbslmz ol

-L mlo
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"2

F2l &l AMEE SEA ¥veE AT

£ reduction A F$r) Z7)gted] w2
Aojar, 19 Fholl #|&sh= 22 reductionei4]
modulardte thEHAle] 2ot f3kS WS
onjgtt}, ol F(x)=x? (mod Q(x))2] A4t A
Zrol 10] FVHFE AR olfet FUd}

ARl A0 e (1-1)/2 o]

(Note 6)

Step 4.5.69014 ALsNA Q(x)E reducer 7™
A Aabalol del. e, ¢ REY data® B9
Flx)=x" (mod @)%t r=1% ], step 4,5.69
Azbate|7t FeelAA] dgS B 4 Uk (FellA
). o] AR Q)Y At Foistel w
£ reduction A4 A7ke] Flsjol gl Alala)
2y Beleh zehd, AA A4l fele
ged(h(x), Q))& AxE] 98, Q(x)E reduce
A w1, xFF Bl AL G(x0)2E reduce
ook, AAE G(x)=ged ((F(x)+x) £+ fory
ferr, XS 2 72, ged(i(x), K)ol 2ol
EAs=A] H]lsls AolmR, G(x)2E reduced
5= "ot o] W, 609 ATt Q) AgRo =

A spomz, o] el YAl EgAlTh

% Akt

Early-abort A= Ae] SEA W3 ¢y &

Step 1 EMI=549] j-invariant ;&5 Ak, /W
A modular T4 0,(x, /)9 20| GF(q)
of MZ b2 F o7 EAlster] 2R
&, ged(0,(x, ), x"+x)9 2571 24 o
gt ohg HAR AeYgtey, 1¥A] ko
ths Lol dal (step 1) Eolzh)

Step 2 9 @AM Fo] EAde A &
gto], ol o3l vl Qg At
gt (A Ao #9 (5) 3ha)

Step 3 F(x)=x° (mod @(x))& A4kgc}

Step 4 r= 1l sl o}&-& FARgH,

Step 4.1 ged(F(x)+x, Q)] A7 g0
(step 5)& o] &g},

Step 4.2 ged(F(x)+x, Qx)2] 2p7E 1 o]Ake)
W ostep 4,5.6 A4t 3 2w gl 1

olil test FAE wEz, dyeE|EE
FEZ "l gho] —10]4d o &
Foll s} (step 12 Foprtel,

Step 5 r= goll Wl ohe-& FAkg}

Step 5.1 ged ((F(x)+2) 2+ fem1feir, QX))
o A47h 0olm thg sl o)
(stepl) 2 Eo}zit}h.

Step 5.2 ged ((F(x) +%) £+ feoiferr, X))
2] g7} 190]4ol step 4,56 A
Abste] 2l®l 3E r=g,°19 test FA

o

< vy duEEs 8t o=—¢,
ol o} Aol Wl (step DE &
o}zir},

(Note 7)
step 4,5,6904 ged(A(x), Q(x)& A4S df,
G(x)Z reducedt}.

v.d B

$28]& oJAtdlA characteristic 291 &4 ¢
oA Aol e obddl el A4 o
F2lE 7k, SEA ¢xE|E# Satoh ¢wEE
< AYY dxelE AHEA] early-abort kel
ddsls SEA daeElEe] e 2 ole agd W
& whell s} dopwgbe}.

T8E Folo], /o] 22 24l HS AA A4t
o] A7ke] 74 £QEE FEe] QAL dAL
ol y#AXE H|IE= step 4.5.69% &
Adet. Original SEA 43252 eigenvlaues
e eolglenz step 4,568 I AA =
=, H¥g duEFdde AP A A
g A5E AARERY ¥ F Satoh dnEEs 4
gate] PAg AuE HlAEs Y, abort ©AAA
o] HEe] A9 WeRex] Falsle A =
g, step 4,5,60] A= U £F FAR3le] A
b dxE]Ee BEAE A AE Rt 9
Aoz A=

gonEs

—

(1) M. Fouquet, P. Gaudry, and R. Harley,
Finding Secure Curves with the Satoh-



FRERBESHIGE (2002, 10) 85

FGH Algorithm and an Early-Abort

Strategy. Springer-Verlag, Advaces in
Cryptology-Eurocrypt’01, LNCS 2045,
14-29, 2001. '

(2] R. Schoof, Counting points on elliptic
curves over finite fields. J. Theory. Nom-
bres Bordeaux, Vol. 7, 219-254, 1995.

(3] N. Elkies, Elliptic and modular curves
over finite fields and related compu-
tational issues, Computational Perspectives
on Number Theory, 21-76, 1998.

(4] J. M. Couveignes, Computing /-isogenies
with the p-torsion, Springer-Verlag, ANTS-
II. Lecture Notes in Comp. Sci.. Vol.
1122, 59-65, 1996.

(5] R. Lecier, Computing isogenies in GF(2"),
Springer-Verlag, ANTS-1I, Vol. 1122, Lecture
Notes in Comp. Sci., 197-212, 1996.

(6) T. Satoh, The canonical lift of an
ordinary elliptic curve over a finite field
and its point counting, J. Ramanujan

2000 49~

5 3 4 (Heuisu Ryu) A3

2000 74~#A|

(EEBN)
A #] & (Bae Eun Jung) &3|¥
19934 24 @ st $3agst At
199549 29 : Aeuistw SeEhEb Aa)
20009 2¢ : Aeddta £ ukal

D AAEAld T Yl
(TAER 3ol g, °)58A i3s3 7iads

19909 24 @ zEAEw &3 g}

19929 24 : wdista $=gt3} AA}

19994 59 : Johns Hopkins University %3} vha}
D EEAAEAl Y Aol Es]

(TA Bl AR s eldITH o3 o]FEA nel

(11)

Math. Soc., Vol. 15, 247-270, 2000.
M. Fouquet, P. Gaudry, and R. Harley,
An extension of Satoh’s algorithm and
its implementation, J. Ramanujan Math.
Soc., Vol. 15, 281-318, 2000.

B. Skjernaa. Satoh’s algorithm in
characteristic 2. Copies available at
http://www.imf.au.dk/~skjernaa/.

F. Vercauteren, B. Preneel, and J.
Vandewalle, A memory Efficient Version
of Satoh’s Algorithm, Springer-Verlag,
Advances in Cryptology-Eurocrypt'01,
LNCS 2045, 1-13, 2001.

R. Lercier, Finding good random elliptic
curves for cryptosystems defined over
F,., Springer-Verlag, Advances in Cryp-
tology-Eurocrypt 97, Vol. 1233 of LNCS,
379-392, 1997.

I. F. Blake, G. Seroussi, N. P. Smart,
Elliptic Curves in Cryptography, Cambridge
university press, LMSLNS. 265. 1999.




